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Part I: Fundamentals of Dielectric Spectroscopy

1 – Electrochemical interfacial processes

2 – Principle of impedance spectroscopy

3 – Ideal Circuit elements

4 – Case study 1: the RC element

5 – Representing EIS data: Bode and Nyquist plots

6 – Treatment of a ZARC element

7 – Faradaic reaction: the Randles circuit

8 – Non ideal elements

Part II: Practical aspects and data treatment

1 – Impedance measurements

2 – Data treatment

3 – Non-linear systems: Total Harmonic Distorsion
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I) Fundamentals of EIS

1) Electrochemical interfacial processes
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I) Fundamentals of EIS

2) Principle of impedance spectroscopy

8

i

𝑰𝑫𝑪

𝑼𝑫𝑪

Local ASR (Area Specific Resistance)

𝐴𝑆𝑅 = lim
Δ𝑈→0

Δ𝑈

Δ𝑖

Only measures dissipators !

η



I) Fundamentals of EIS

2) Principle of impedance spectroscopy
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i

η

𝒊(𝝎)

𝑼(𝝎)

𝑈 𝜔 = 𝑈𝐷𝐶 + Δ𝑈 sin 𝜔𝑡 + 𝜑(𝜔)

෩𝒁 𝝎 =
𝑼 𝝎

𝒊 𝝎

Measure of the complex impedance:

𝑖 𝜔 = 𝑖𝐷𝐶 + Δ𝑖 sin 𝜔𝑡

෨𝑍 𝜔 from 1 mHz to 1 MHz

Small excitation amplitude 
↪ 𝐻𝑎𝑟𝑚𝑜𝑛𝑖𝑐 𝑓𝑟𝑒𝑒 𝑙𝑖𝑛𝑒𝑎𝑟 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒

i



I) Fundamentals of EIS

10

෩𝒁 𝝎 =
𝑼𝟎 sin 𝜔𝑡 + 𝜑

𝒊𝟎 sin 𝑤𝑡

෩𝒁 𝝎 =
𝑼𝟎

𝒊𝟎
∙
𝒆𝒋 𝜔𝑡+𝜑 − 𝒆−𝒋 𝜔𝑡+𝜑

𝒆𝒋𝝎𝒕 − 𝒆−𝒋𝝎𝒕
=
𝑼𝟎

𝒊𝟎
∙ 𝒆𝒋𝝋

෩𝒁 𝝎 =
𝑼𝟎

𝒊𝟎
∙ cos𝝋 + 𝒋 sin𝝋 ෩𝒁 𝝎 = 𝒁𝑹𝒆 + 𝒋𝒁𝑰𝒎

2) Principle of impedance spectroscopy

𝒁𝑹𝒆

𝒁𝑰𝒎

𝝋

𝑍

𝑅𝑒

𝐼𝑚
Vector representation:



Element 𝑼 𝝎 , 𝒊 𝝎 Phase shift 𝜑 ෩𝒁 𝝎

Resistor 𝜑 = 0

Current and volage in 
phase

෩𝒁 𝝎 = 𝑹

Capacitor 𝜑 = −
𝜋

2

Current leads the 
voltage

෩𝒁 𝝎 = −
𝒋

𝑪𝝎

Inductance 𝜑 = +
𝜋

2

Current lags behind 
the voltage

෩𝒁 𝝎 = 𝒋𝑳𝝎

I) Fundamentals of EIS

3) Ideal circuit elements

11

t



I) Fundamentals of EIS

4) The RC element

𝒁 = 𝑹

𝒁 =
𝟏

𝒋𝑪𝝎

1

𝑍
=
1

𝑅
+ 𝑗𝐶𝜔 =

1 + 𝑗𝑅𝐶𝜔

𝑅

𝑍 =
𝑅

1 + 𝑗𝑅𝐶𝜔
=
𝑅 − 𝑗𝑅2𝐶𝜔

1 + 𝑅𝐶𝜔 2

𝑍 =
𝑅

1 + 𝑅𝐶𝜔 2
− 𝑗

𝑅2𝐶𝜔

1 + 𝑅𝐶𝜔 2

13



I) Fundamentals of EIS

5) Representing EIS data

𝑍 =
𝑅

1 + 𝑅𝐶𝜔 2
− 𝑗

𝑅2𝐶𝜔

1 + 𝑅𝐶𝜔 2

Bode Plots
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I) Fundamentals of EIS

𝑍 =
𝑅

1 + 𝑅𝐶𝜔 2
− 𝑗

𝑅2𝐶𝜔

1 + 𝑅𝐶𝜔 2

Nyquist Plots
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Distinctive values:

𝑍 𝜔 ↦ ∞ = 0

𝑍 𝜔 ↦ 0 = 𝑍𝑅𝑒 = 𝑅

𝑍𝑅𝑒 𝜔0 = −𝑍𝐼𝑚 𝜔0 ⟹𝜔0 =
1

𝑅𝐶

R

𝛚𝟎 =
𝟏

𝐑𝐂

6) Treatment of a ZARC element

𝝋 =
𝝅

𝟒



I) Fundamentals of EIS

7) Faradaic reaction: the Randles circuit
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Ideally polarisable electrode

𝑍 = 𝑅𝐸 − 𝑗
1

𝐶𝑑𝑙𝜔



I) Fundamentals of EIS

7) Faradaic reaction: the Randles circuit
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Prerequisites:

The system is linear

Ox and Red do not 
modify the electrode

High frequency ↔ no 
mass transfer limitation

Cdl

Rct

Electrolyte resistance RE

Electrical double layer capacitance: Cdl

Charge transfer resistance RctRE
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Charge transfer reaction

𝑍 = 𝑅𝐸 +
𝑅𝑐𝑡

1 + 𝑅𝑐𝑡𝐶𝑑𝑙𝜔
2 − 𝑗

𝑅𝑐𝑡
2𝐶𝑑𝑙𝜔

1 + 𝑅𝑐𝑡𝐶𝑑𝑙𝜔
2
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Charge transfer reaction

𝑍 = 𝑅𝐸 +
𝑅𝑐𝑡

1 + 𝑅𝑐𝑡𝐶𝑑𝑙𝜔
2 − 𝑗

𝑅𝑐𝑡
2𝐶𝑑𝑙𝜔

1 + 𝑅𝑐𝑡𝐶𝑑𝑙𝜔
2

𝑅𝐸 𝑅𝑐𝑡

𝐶𝑑𝑙 =
1

𝑅𝑐𝑡𝜔0



I) Fundamentals of EIS

7) Faradaic reaction: the Randles circuit
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Charge transfer reaction

𝑅𝐸 𝑅𝑐𝑡

𝐶𝑑𝑙 =
1

𝑅𝑐𝑡𝜔0

Low 𝜂: linearized Butler-Volmer 𝑖 = 𝑖0 ∙
𝑧𝐹𝜂

𝑅𝑇

hence 𝑅𝑐𝑡 =
𝑅𝑇

𝑧𝐹𝑖0
⟺ 𝑖0 =

𝑅𝑇

𝑧𝐹𝑅𝑐𝑡

𝑖0 = 𝑧𝐹 𝑂𝑥 𝛽𝑅𝑒𝑑 ∙ 𝑒𝑥𝑝
−∆𝐺𝜒, 𝑅𝑒𝑑

∗

𝑅𝑇 ∙ 𝑒𝑥𝑝
−𝛼𝑧𝐹Δ𝜙𝑒𝑞

𝑅𝑇

= 𝑧𝐹 𝑅𝑒𝑑 𝛽𝑂𝑥 ∙ 𝑒𝑥𝑝
−∆𝐺𝜒, 𝑂𝑥

∗

𝑅𝑇 ∙ 𝑒𝑥𝑝
(1−𝛼)𝑧𝐹Δ𝜙𝑒𝑞

𝑅𝑇



I) Fundamentals of EIS

7) Faradaic reaction: the Randles circuit

Cdl

Rct

RE

21

Charge transfer reaction

Low 𝜂: linearized Butler-Volmer 𝑖 = 𝑖0 ∙
𝑧𝐹𝜂

𝑅𝑇

hence 𝑅𝑐𝑡 =
𝑅𝑇

𝑧𝐹𝑖0
⟺ 𝑖0 =

𝑅𝑇

𝑧𝐹𝑅𝑐𝑡

𝑖0 = 𝑧𝐹 𝑂𝑥 𝛽𝑅𝑒𝑑 ∙ 𝑒𝑥𝑝
−∆𝐺𝜒, 𝑅𝑒𝑑

∗

𝑅𝑇 ∙ 𝑒𝑥𝑝
−𝛼𝑧𝐹Δ𝜙𝑒𝑞

𝑅𝑇

= 𝑧𝐹 𝑅𝑒𝑑 𝛽𝑂𝑥 ∙ 𝑒𝑥𝑝
−∆𝐺𝜒, 𝑂𝑥

∗

𝑅𝑇 ∙ 𝑒𝑥𝑝
(1−𝛼)𝑧𝐹Δ𝜙𝑒𝑞

𝑅𝑇

Measure Rct at different temperatures: Arrhenius plot

ln i0

1/T

ln 𝑖0 = −
∆𝐺𝜒, 𝑅𝑒𝑑

∗ + 𝛼𝑧𝐹Δ𝜙𝑒𝑞

𝑅𝑇
+ ln(𝑧𝐹 𝑂𝑥 𝛽𝑅𝑒𝑑)

ln 𝑖0 = −
∆𝐺𝜒, 𝑂𝑥

∗ + (1 − 𝛼)𝑧𝐹Δ𝜙𝑒𝑞

𝑅𝑇
+ ln(𝑧𝐹 𝑅𝑒𝑑 𝛽𝑂𝑥)



I) Fundamentals of EIS

7) Faradaic reaction: the Randles circuit
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Zw
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Rct

Ohmic resistance of the circuit R Ω

Electrical double layer capacitance: Cdl

Charge transfer resistance Rct

Warburg Impedance Zw for diffusion

RΩ

22

[Ox]el and [Red]el are time dependent



I) Fundamentals of EIS

7) Faradaic reaction: the Randles circuit

23

Zw

Cdl

Rct

Ohmic resistance of the circuit R Ω

Electrical double layer capacitance: Cdl

Charge transfer resistance Rct

Warburg Impedance Zw for diffusion

RΩ

Semi-infinite linear
diffusion layer

45°



I) Fundamentals of EIS

7) Faradaic reaction: the Randles circuit

24

Zw

Cdl

Rct

RΩ

Semi-infinite linear
diffusion layer

45°

Butler-Volmer with mass limitation:

ǁ𝑖 = 𝑖0
෪𝐶𝑅

𝐶𝑅
0 𝑒𝑥𝑝

(1−𝛼)𝑧𝐹෥𝜂
𝑅𝑇 −

෪𝐶𝑂

𝐶𝑂
0 𝑒𝑥𝑝

−𝛼𝑧𝐹෥𝜂
𝑅𝑇

Fick’s 2nd law of diffusion:

𝜕𝐶𝑖
𝜕𝑡

= 𝐷𝑖
𝜕2𝐶𝑖
𝜕𝑥2

with 𝐶𝑖 𝑡 = 𝐶𝑖
𝐷𝐶 + 𝐶𝑖

𝐴𝐶𝑒𝑥𝑝𝑗 𝜔𝑡+𝜑𝑖

Boundary conditions:

𝑥 ↦ 0 ⟹ ǁ𝑖 = 𝑧𝐹𝐷𝑖
𝑑 ෩𝐶𝑖
𝑑𝑥

𝑥 ↦ ∞⟹ 𝐶𝑖 = 𝐶𝑖
0

𝐷𝑅
𝑑𝐶𝑅
𝑑𝑥

= −𝐷𝑂
𝑑𝐶𝑂
𝑑𝑥

𝑍𝑊
∞ =

෨𝐸

ǁ𝑖
=
1 − 𝑗

𝜔
∙

𝑅𝑇

2 𝑧𝐹 2

1

𝐶𝑂
0 𝐷𝑂

+
1

𝐶𝑅
0 𝐷𝑅

෩𝐶𝑖 =
ǁ𝑖

𝑧𝐹 𝑗𝜔𝐷𝑖
𝑒𝑥𝑝

−
𝑗𝜔
𝐷𝑖
𝑥



I) Fundamentals of EIS

7) Faradaic reaction: the Randles circuit

Zw

Cdl

Rct

RΩ

Semi-infinite linear
diffusion layer

45°

Initial boundary conditions:

𝑥 ↦ 0 ⟹ ǁ𝑖 = 𝑧𝐹𝐷𝑖
𝑑 ෩𝐶𝑖
𝑑𝑥

𝐷𝑅
𝑑𝐶𝑅
𝑑𝑥

= −𝐷𝑂
𝑑𝐶𝑂
𝑑𝑥

Semi-infinite 𝛿𝐷: 𝑥 ↦ ∞⟹ 𝐶𝑖 = 𝐶𝑖
0

𝑍𝑊
∞ =

1 − 𝑗

𝜔
∙

𝑅𝑇

2 𝑧𝐹 2

1

𝐶𝑂
0 𝐷𝑂

+
1

𝐶𝑅
0 𝐷𝑅

Finite space 𝛿𝐷: 𝑥 = 𝑙 ⟹
𝑑𝐶𝑖

𝑑𝑥
= 0

𝑍𝑊
𝐹𝑆 =

1 − 𝑗

𝜔
∙

𝑅𝑇

2 𝑧𝐹 2

𝑐𝑜𝑡ℎ
𝑗𝜔𝑙
𝐷𝑂

𝐶𝑂
0 𝐷𝑂

+
𝑐𝑜𝑡ℎ

𝑗𝜔𝑙
𝐷𝑅

𝐶𝑅
0 𝐷𝑅

Finite length 𝛿𝐷: 𝑥 = 𝑙 ⟹ 𝛿𝐷 = 𝛿𝐷
𝑚𝑎𝑥

𝑍𝑊
𝐹𝑆 =

1 − 𝑗

𝜔
∙

𝑅𝑇

2 𝑧𝐹 2

𝑡𝑎𝑛ℎ
𝑗𝜔𝑙
𝐷𝑂

𝐶𝑂
0 𝐷𝑂

+
𝑡𝑎𝑛ℎ

𝑗𝜔𝑙
𝐷𝑅

𝐶𝑅
0 𝐷𝑅

Finite space
diffusion layer

Finite length
diffusion layer

Free growth of 𝛿𝐷



I) Fundamentals of EIS

8) Constant phase element (CPE)

The Electrical Double Layer is not an ideal capacitor

There are distributed elements at the electrode/electrolyte interphase
R

CPE

𝛼 =
2𝜒

Π

Dispersion of the relaxation frequency↗ as α ↘

26



I) Fundamentals of EIS

8) Constant phase element (CPE)

The Electrical Double Layer is not an ideal capacitor

There are distributed elements at the electrode/electrolyte interphase
R

CPE

𝛼 =
2𝜒

Π

𝑅𝑒 =
𝑅 + 𝜔𝛼𝑅2𝑄 cos

𝛼
2
𝜋

1 + 2𝜔𝛼𝑅𝑄 cos
𝛼
2 𝜋 + 𝜔𝛼𝑅𝑄 2

𝐼𝑚 =
−𝜔𝛼𝑅2𝑄 sin

𝛼
2
𝜋

1 + 2𝜔𝛼𝑅𝑄 cos
𝛼
2 𝜋 + 𝜔𝛼𝑅𝑄 2

27



I) Fundamentals of EIS

8) Transmission lines: 
De Levie model for porous media

A conductive pore in an ionic conductor

Cdl

Rs

28



I) Fundamentals of EIS

29
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II) Practical aspects, analyses, and applications

1) Impedance measurements

Signal generator

Transmitter

Oscilloscope

Measure f, iDC, EDC, Δi, and ΔE

Visual control of harmonics

To ensure the system linearity, we typically target ΔE ≈ 10 mV

Linear and time invariant
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II) Practical aspects, analyses, and applications

1) Impedance measurements

Potentiostat/galvanostat
+ Frequency Response Analyzer

EC 2-electrodes cell

FRA

WE CE

Possible to measure a 2-electrodes EC-cell

Complex equivalent circuit
- difficult to interpret
- deconvolute processes
- parametric study necessary



RE1 RE2
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II) Practical aspects, analyses, and applications

1) Impedance measurements

Potentiostat/galvanostat
+ Frequency Response Analyzer

EC 4-electrodes cell

WE CE

4-electrodes EC-cell easier to interpret

Separation of cathodic and anodic elements

i

෨𝑉

i

෨𝑉

ሚ𝐴
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II) Practical aspects, analyses, and applications

1) Impedance measurements

Suppressing the wire inductance

Wire inductance results from
opposite currents flowing
through parallel wires

Compensation of inductive 
currents by uniform twisting

of the wires
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II) Practical aspects, analyses, and applications

2) Data treatment

Electrodes/electrolytes system

Theory
Expected equivalent circuit

Physical/mathematical
model 

Electrochemical
Impedance measurement

Validation of EIS data
(Kramers-Kronig test)

EIS data manipulation
(e.g. inductance correction, smoothing)

Equivalent circuit
Simple 
system

Time domain deconvolution
(Distribution of Relaxation Times)

Direct peak treatment

Complex system

Curve fitting

Complex Nonlinear
Least Squares
CNLS



35

II) Practical aspects, analyses, and applications

2) Data treatment

Schönleber, M., Klotz, D. and Ivers-Tiffée, E., 2014. A method for improving the robustness of linear Kramers-Kronig validity tests. Electrochimica Acta, 131, pp.20-27.
Boukamp, B.A., 1995. A linear Kronig‐Kramers transform test for immittance data validation. Journal of the electrochemical society, 142(6), p.1885.



Kramers-Kronig Transform (Linearity test)
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II) Practical aspects, analyses, and applications

Schönleber, M., Klotz, D. and Ivers-Tiffée, E., 2014. A method for improving the robustness of linear Kramers-Kronig validity tests. Electrochimica Acta, 131, pp.20-27.
Boukamp, B.A., 1995. A linear Kronig‐Kramers transform test for immittance data validation. Journal of the electrochemical society, 142(6), p.1885.

𝑅𝑠 𝐿 𝐶𝑖𝑛𝑣 =
1

𝐶0

𝐶1 =
𝜏1
𝑅1

𝐶𝑀 =
𝜏𝑀
𝑅𝑀

𝑅1 𝑅𝑀

𝜔1

𝜔𝑁

𝑹𝒆𝒇𝒊𝒕,𝒊 𝑰𝒎𝒇𝒊𝒕,𝒊

𝑍𝑓𝑖𝑡,𝑖 = 𝑅𝑠 + 𝑗𝜔𝑖𝐿 +
𝐶𝑖𝑛𝑣
𝑗𝜔𝑖

+෍

𝑘=1

𝑀
𝑅𝑘

1 + (𝜔𝑖𝜏𝑘)
= (𝑅𝑠 +෍

𝑘=1

𝑀
𝑅𝑘

1 + (𝜔𝑖𝜏𝑘)
2
) + 𝑗 ⋅ (𝜔𝑖𝐿 −

𝐶𝑖𝑛𝑣
𝜔𝑖

−෍

𝑘=1

𝑀
𝑅𝑘𝜔𝑖𝜏𝑘

1 + (𝜔𝑖𝜏𝑘)
2
)

𝑍𝑓𝑖𝑡 =෍

𝑖=1

𝑁

𝑍𝑓𝑖𝑡,𝑖 =෍

𝑖=1

𝑁

(𝑅𝑒𝑓𝑖𝑡,𝑖 + 𝑗 ⋅ 𝐼𝑀𝑓𝑖𝑡,𝑖)

𝑅𝑒𝑓𝑖𝑡 =෍

𝑖=1

𝑁

(𝑅𝑠 +෍

𝑘=1

𝑀
𝑅𝑘

1 + (𝜔𝑖𝜏𝑘)
2
)

𝐼𝑚𝑓𝑖𝑡 =෍

𝑖=1

𝑁

(𝜔𝑖𝐿 −
𝐶𝑖𝑛𝑣
𝜔𝑖

−෍

𝑘=1

𝑀
𝑅𝑘𝜔𝑖𝜏𝑘

1 + (𝜔𝑖𝜏𝑘)
2
)

𝜏𝑘 = 𝑅𝑘𝐶𝑘 = 10log10(𝜏𝑚𝑖𝑛)+
𝑘−1
𝑀−1

⋅[log10 𝜏𝑚𝑎𝑥 −log10(𝜏𝑚𝑖𝑛)]

𝑆 =෍

𝑖=1

𝑁

𝜆𝑖[(𝑅𝑒𝑖 − 𝑅𝑒𝑓𝑖𝑡,𝑖)
2 + (𝐼𝑚𝑖 − 𝐼𝑚𝑓𝑖𝑡,𝑖)

2]

Weight: 𝜆𝑖 =
1

|𝑍𝑖|
2 =

1

𝑅𝑒𝑖
2+𝐼𝑚𝑖

2

Objective: argmin𝑆 → ∇𝑆 = 0 →
𝛿𝑆

𝛿𝑅𝑗
= 0

Unknown parameters: 𝑋 = [𝑅𝑠, 𝐿, 𝐶𝑖𝑛𝑣, 𝑅1, 𝑅2, … , 𝑅𝑘]
𝑇
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𝑅𝑠 𝐿 𝐶𝑖𝑛𝑣 =
1

𝐶0

𝐶1 =
𝜏1
𝑅1

𝐶𝑀 =
𝜏𝑀
𝑅𝑀

𝑅1 𝑅𝑀

𝜔1

𝜔𝑁

𝑅𝑠 as an example with

𝛿𝑆

𝛿𝑅𝑠
=෍

𝑖=1

𝑁

[𝜆𝑖 ⋅ 2(𝑅𝑒𝑖 − 𝑅𝑒𝑓𝑖𝑡,𝑖) ⋅
𝛿𝑅𝑒𝑓𝑖𝑡,𝑖
𝛿𝑅𝑠

+ 𝜆𝑖 ⋅ 2(𝐼𝑚𝑖 − 𝐼𝑚𝑓𝑖𝑡,𝑖) ⋅
𝛿𝐼𝑚𝑓𝑖𝑡,𝑖

𝛿𝑅𝑠
]

𝑆 =෍

𝑖=1

𝑁

𝜆𝑖[(𝑅𝑒𝑖 − 𝑅𝑒𝑓𝑖𝑡,𝑖)
2 + (𝐼𝑚𝑖 − 𝐼𝑚𝑓𝑖𝑡,𝑖)

2] :

∵ 𝑅𝑒𝑓𝑖𝑡,𝑖 = 𝑅𝑠 +෍

𝑘=1

𝑀
𝑅𝑘

1 + (𝜔𝑖𝜏𝑘)
2
, 𝐼𝑚𝑓𝑖𝑡,𝑖 = 𝜔𝑖𝐿 −

𝐶𝑖𝑛𝑣
𝜔𝑖

−෍

𝑘=1

𝑀
𝑅𝑘𝜔𝑖𝜏𝑘

1 + (𝜔𝑖𝜏𝑘)
2

∴
𝛿𝑅𝑒𝑓𝑖𝑡,𝑖
𝛿𝑅𝑠

= 1,
𝛿𝐼𝑚𝑓𝑖𝑡,𝑖

𝛿𝑅𝑠
= 0

∴
𝛿𝑆

𝛿𝑅𝑠
=෍

𝑖=1

𝑁

𝜆𝑖 ⋅ 2(𝑅𝑒𝑖 − 𝑅𝑒𝑓𝑖𝑡,𝑖) = 0

∴෍

𝑖=1

𝑁

𝜆𝑖𝑅𝑒𝑓𝑖𝑡,𝑖 =෍

𝑖=1

𝑁

𝜆𝑖𝑅𝑒𝑖 ⟺ 𝑅𝑠෍

𝑖=1

𝑁

𝜆𝑖 +෍

𝑘=1

𝑀

𝑅𝑘෍

𝑖=1

𝑁
𝜆𝑖

1 + (𝜔𝑖𝜏𝑘)
2
=෍

𝑖=1

𝑁

𝜆𝑖𝑅𝑒𝑖 ⟺ 𝐴𝑋 = 𝑏
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𝑅𝑠 𝐿 𝐶𝑖𝑛𝑣 =
1

𝐶0

𝐶1 =
𝜏1
𝑅1

𝐶𝑀 =
𝜏𝑀
𝑅𝑀

𝑅1 𝑅𝑀

𝜔1

𝜔𝑁

𝐿 as an example with

𝛿𝑆

𝛿𝐿
=෍

𝑖=1

𝑁

[𝜆𝑖 ⋅ 2(𝑅𝑒𝑖 − 𝑅𝑒𝑓𝑖𝑡,𝑖) ⋅
𝛿𝑅𝑒𝑓𝑖𝑡,𝑖
𝛿𝐿

+ 𝜆𝑖 ⋅ 2(𝐼𝑚𝑖 − 𝐼𝑚𝑓𝑖𝑡,𝑖) ⋅
𝛿𝐼𝑚𝑓𝑖𝑡,𝑖

𝛿𝐿
]

𝑆 =෍

𝑖=1

𝑁

𝜆𝑖[(𝑅𝑒𝑖 − 𝑅𝑒𝑓𝑖𝑡,𝑖)
2 + (𝐼𝑚𝑖 − 𝐼𝑚𝑓𝑖𝑡,𝑖)

2] :

∵ 𝑅𝑒𝑓𝑖𝑡,𝑖 = 𝑅𝑠 +෍

𝑘=1

𝑀
𝑅𝑘

1 + (𝜔𝑖𝜏𝑘)
2
, 𝐼𝑚𝑓𝑖𝑡,𝑖 = 𝜔𝑖𝐿 −

𝐶𝑖𝑛𝑣
𝜔𝑖

−෍

𝑘=1

𝑀
𝑅𝑘𝜔𝑖𝜏𝑘

1 + (𝜔𝑖𝜏𝑘)
2

∴
𝛿𝑅𝑒𝑓𝑖𝑡,𝑖
𝛿𝐿

= 0,
𝛿𝐼𝑚𝑓𝑖𝑡,𝑖

𝛿𝐿
= 𝜔𝑖

∴
𝛿𝑆

𝛿𝐿
=෍

𝑖=1

𝑁

𝜆𝑖 ⋅ 2𝜔𝑖(𝐼𝑚𝑖 − 𝐼𝑚𝑓𝑖𝑡,𝑖) = 0

∴෍

𝑖=1

𝑁

𝜆𝑖𝜔𝑖𝐼𝑚𝑓𝑖𝑡,𝑖 =෍

𝑖=1

𝑁

𝜆𝑖𝜔𝑖𝐼𝑚𝑖 ⟺෍

𝑖=1

𝑁

𝜆𝑖𝜔𝑖𝐿 −෍

𝑖=1

𝑁
𝜆𝑖
𝐶𝑖𝑛𝑣

−෍

𝑘=1

𝑀

𝑅𝑘 ෍

𝑖=1𝑁

𝜔𝑖
2𝜏𝑘

1 + (𝜔𝑖𝜏𝑘)
2
=෍

𝑖=1

𝑁

𝜆𝑖𝜔𝑖𝐼𝑚𝑖 ⟺ 𝐴𝑋 = 𝑏
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𝑅𝑠 𝐿 𝐶𝑖𝑛𝑣 =
1

𝐶0

𝐶1 =
𝜏1
𝑅1

𝐶𝑀 =
𝜏𝑀
𝑅𝑀

𝑅1 𝑅𝑀

𝜔1

𝜔𝑁

Linear algebra 𝑨𝑿 = 𝒃:

෍

𝑖=1

𝑁

𝜆𝑖 0 0 ⋯ ෍

𝑖=1

𝑁
𝜆𝑖

1 + (𝜔𝑖𝜏𝑀)
2

0 ෍

𝑖=1

𝑁

𝜆𝑖𝜔𝑖
2 −෍

𝑖=1

𝑁

𝜆𝑖 ⋯ −෍

𝑖=1

𝑁
𝜆𝑖𝜔𝑖

2𝜏𝑀

1 + (𝜔𝑖𝜏𝑀)
2

෍

𝑖=1

𝑁
𝜆𝑖

1 + (𝜔𝑖𝜏1)2
−෍

𝑖=1

𝑁

𝜆𝑖 ෍

𝑖=1

𝑁
𝜆𝑖

𝜔𝑖
2 ⋯ −෍

𝑖=1

𝑁
𝜆𝑖𝜏𝑀

1 + (𝜔𝑖𝜏𝑀)
2

⋮ ⋮ ⋮ ⋱ ⋮

෍

𝑖=1

𝑁
𝜆𝑖

1 + (𝜔𝑖𝜏𝑀)2
෍

𝑖=1

𝑁
𝜆𝑖𝜔𝑖𝜏𝑀

1 + ቀ𝜔𝑖𝜏𝑀)
2

−෍

𝑖=1

𝑁
𝜆𝑖𝜏𝑀

𝜔𝑖[1 + ൫𝜔𝑖𝜏𝑀)
2]

⋯ ෍

𝑖=1

𝑁
𝜆𝑖[1 + 𝜔𝑖𝜏𝑀

2 ]

𝜔𝑖 1 + (𝜔𝑖𝜏𝑀)
2 2

𝑅𝑠
𝐿
𝐶𝑖𝑛𝑣
⋮
𝑅𝑀

=

෍

𝑖=1

𝑁

𝜆𝑖𝑅𝑒𝑖

෍

𝑖=1

𝑁

𝜆𝑖𝜔𝑖𝐼𝑚𝑖

෍

𝑖=1

𝑁
𝜆𝑖
𝜔𝑖

𝐼𝑚𝑖

⋮

෍

𝑖=1

𝑁
𝜆𝑖 𝑅𝑒𝑖 − 𝜔𝑖𝜏𝑀𝐼𝑚𝑖

1 + (𝜔𝑖𝜏𝑀)
2

Singular value decomposition (SVD) to solve 𝑿.
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II) Practical aspects, analyses, and applications

𝑅𝑠 𝐿 𝐶𝑖𝑛𝑣 =
1

𝐶0

𝐶1 =
𝜏1
𝑅1

𝐶𝑀 =
𝜏𝑀
𝑅𝑀

𝑅1 𝑅𝑀

𝜔1

𝜔𝑁
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II) Practical aspects, analyses, and applications

𝑅𝑠 𝐿 𝐶𝑖𝑛𝑣 =
1

𝐶0

𝐶1 =
𝜏1
𝑅1

𝐶𝑀 =
𝜏𝑀
𝑅𝑀

𝑅1 𝑅𝑀
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II) Practical aspects, analyses, and applications

𝑅𝑠 𝐿 𝐶𝑖𝑛𝑣 =
1

𝐶0

𝐶1 =
𝜏1
𝑅1

𝐶𝑀 =
𝜏𝑀
𝑅𝑀

𝑅1 𝑅𝑀
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II) Practical aspects, analyses, and applications

𝑅𝑠 𝐿 𝐶𝑖𝑛𝑣 =
1

𝐶0

𝐶1 =
𝜏1
𝑅1

𝐶𝑀 =
𝜏𝑀
𝑅𝑀

𝑅1 𝑅𝑀
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II) Practical aspects, analyses, and applications

Distribution of Relaxation Times (DRT)

Generalized Voigt model

Discrete function

Continuous function
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II) Practical aspects, analyses, and applications

Distribution of Relaxation Times (DRT)

Inverse ill-posed problem
- A solution exists;
- The solution is unique
- The solution’s behavior changes continuously with the initial conditions

𝐴 =
1

1 + 𝑗𝜔𝜏
𝜸 = 𝑎𝑟𝑔min

𝜸
( 𝒁 − 𝑨𝜸 2)

Tikhonov regularization (λ as regularization factor)

𝒁 = 𝑨𝜸 𝜸 = 𝑨𝑻𝑨
−𝟏
𝑨𝑻𝒁

𝜸 = 𝑎𝑟𝑔min
𝜸
( 𝑨𝜸 − 𝒁 2 + 𝜆 𝑳𝜸 2)

𝜸 = 𝑨𝑇𝑨+ 𝜆𝑳𝑇𝑳 −1𝑨𝑇𝒁
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II) Practical aspects, analyses, and applications
DRT for Solid Oxide Cells (650-850 oC)

Cell type 1 Cell type 2
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II) Practical aspects, analyses, and applications
DRT for Proton Conducting Cells (400-600 oC)
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II) Practical aspects, analyses, and applications
DRT for Proton exchange membrane cells (<100 oC)
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II) Practical aspects, analyses, and applications
DRT for Anion Exchange Membrane Cells (<100 oC)
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II) Practical aspects, analyses, and applications

2) Data treatment

Complex Nonlinear Least Square fitting (CNLS)

Minimization of the sum of squares function:

where Zi(ω) and ZM,i(ω,x) are the measured and modeled impedance, respectively

and wi is the weight factor 𝑤𝑖 = 𝑍𝑅𝑒,𝑖
2 + 𝑍𝐼𝑚,𝑖

2 −1
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II) Practical aspects, analyses, and applications

3) Non linear systems: Total Harmonic Distorsion


